We study theoretically the luminescence from quantum dots of a ring geometry. For high excitation intensities, photoexcited electrons and holes form Fermi seas. Close to the emission threshold, the single-particle spectral lines aquire weak many-body satellites. However, away from the threshold, the discrete luminescence spectrum is completely dominated by many-body transitions. We employ the Luttinger liquid approach to exactly calculate the intensities of all many-body spectral lines.
The role of many-body interactions in the optical properties of semiconductors has been a topic of intensive studies during the last decade [1] [2] [3] [4] . Availability of high-quality ultrashort laser pulses made it possible to probe the elementary excitations of interacting system of carriers on time scales shorter than the dephasing and relaxation times [2] . It has been established that many-body effects play an important role in the transient optical processes in semiconductors in the coherent regime [1, 3, 4] . Furthermore, for nanoparticles many-body correlations become dominant [4] , since, under the conditions of a strong three-dimensional confinement, the photoexcited carriers are forced to stay close to each other.
Due to a recent progress in fabrication technology and development of a near-field optical microscopy [5] , many-body effects were shown to govern the optical emission spectrum from nanometer-sized single quantum dots. Because of a strong confinement of electrons and holes, an increase in the excitation intensity leads to photoluminescence (PL) features having their origin in recombination within exciton multiplexes [6] . Further increase of the excitation gives rise to a multitude of sharp emission lines corresponding to various "internal" transitions within a multiplex which accompany a recombination act [7] . Thus, the positions and oscillator strengths of spectral lines reflect the many-body structure of a multiplex.
For high excitation intensities, an adequate description of PL from a dot must be developed in terms of Fermi seas formed by equal numbers (determined by excitation) of electrons and holes in conduction and valence bands, respectively (see inset in Fig. 1 ). Within this description, the lines corresponding to single-particle transitions respect the selection rules, i.e., near the Fermi edge, the PL spectrum has a simple structure
where ∆ 1 and ∆ 2 are the level spacings for electrons and holes; C n are the oscillator strength which depend on n only weakly (ω < 0 is measured from the Fermi edge). Equation (1) is valid in the absence of interactions. The many-body transitions, resulting from interactions, change qualitatively the form of the spectrum. Analogously to recombination within an exciton multiplex, here a removal of an e-h pair shakes up the respective Fermi seas by causing them to emit Fermi sea excitations. Since in a finite system, the energies of excitations are quantized, such a shake-up would lead to the spectrum of a form
rather than Eq. (1). Here∆ 1 and∆ 2 are the level spacings renormalized by interactions. All the information about many-body correlations in the system is encoded in the oscillator strengths C mn . As we will see below, C mn , being governed by interactions, are strong functions of m and n.
The goal of the present paper is to demonstrate that the oscillator strengths C mn can be evaluated analytically for a dot of a ring geometry. Such dots have been recently fabricated [8] and their emission spectra (including many-body effects) were studied for low excitation intensities both experimentally [9] and theoretically [10] [11] [12] .
For a ring-shaped dot, the electron and hole Fermi seas represent one-dimensional (1D) systems. This allows us to use the finite-size Luttinger-liquid description [13] for calculation of the emission spectrum. Note that the Luttinger liquid model was employed earlier for calculations of the Fermi-edge optical properties of infinite 1D systems (with and without defects) in Refs. [14, 15] .
We show that due to a finite size of the system, the structure of the emission spectrum is different in low-and high-ω domains. Namely, for µ ln|ω/(∆ 1 +∆ 1 )| ≪ 1 (low frequencies) the spectrum is dominated by single-particle peaks; many-body satellites have a relative magnitude ∼ µ, where µ ≪ 1 is the dimensionless interaction strength (Luttinger liquid parameter). For high frequencies (i.e., µ ln|ω/(∆ 1 +∆ 1 )| ≫ 1) the many-body peaks completely dominate the spectrum; roughly speaking, in the high-ω domain, the oscillator strengths of single-particle peaks are evenly distributed among the multitude of many-body peaks.
We start with the two-component Luttinger liquid model on a ring Hamiltonian
where H i describe noninteracting electrons (i=1) and holes (i=2) with linearized dispersions (the slopes are determined by the Fermi velocities v i ); H int describes the interactions between carriers via screened potential U(x). The e-h recombination rate is given by the correlation function
, is the dipole transition operator. Here ψ i± are annihilation operators for left (−) and right (+) moving carriers, d is the interband dipole matrix element, and L is the ring circumference. Note that recombination occurs between left (right) electrons and right (left) holes. The recombination rate is then expressed via a four-particle Green function,
In order to evaluate D ± (x, t) for a two-component Luttinger liquid [16] , we use the bosonization technique on a ring [13] . A straightforward calculation yields
where δ P = π(v 1 + v 2 )/L is the energy shift (to be absorbed into the frequency in the following) due the change in the parity of electron and hole numbers. The coordinate dependence of D α (x, t) is determined by
where ǫ is a cutoff. Here the renormalized Fermi velocitiesṽ i = v i e −2ϕ i and interactioninduced exponents µ i = sinh 2 ϕ i are expressed via two-component Bogoliubov's transformation angles, defined as
with u = 1 hπ dxU(x). Correspondingly, the level spacings are
The correlator D ± (x, t) is periodic in variables z i± . In order to carry out the integration in Eq. (3) we first perform the Fourier expansion of [I ± (z i± )] λ as
where B(x, y) is the Beta-function. Substituting this expansion into Eq. (4), and then into Eq. (3), we arrive at the expected form Eq. (2) of the emission spectrum. Using the integral representation of the Beta-function, the coefficients C mn can be cast the into the following closed form
Note, that the sum in Eq. (2) is constrained by the selection rule that m and n are of the same parity, i.e., the combinations
which enter into the rhs of Eq. (8), are integers. This is the result of the linear dispersion of electrons and holes near the Fermi levels. Formula (8) for the oscillator strengths is our main result. It is easy to see that it correctly reproduces the non-interacting limit. Indeed, upon setting µ i = 0, the integral over φ 3 yields C mn = δ mn . Another important limiting case m, n ≫ 1 corresponds to the transitions well away from the Fermi edge. In this case, the main contribution to the integral (8) comes from the domain φ 1 + φ 2 ∼ (m + n) −1 ≪ 1. Within this domain, one can neglect the difference between φ 1 and −φ 2 in the last two factors in the denominator. Then the integrals over φ 1 , φ 2 factorize, yielding
with
where Γ(x) is the Gamma-function. It can be seen from Eq. (11) that, for a given N, the oscillator strengths, C mn , fall off as C mn ∝ |M| µ 1 +µ 2 −1 with increasing |M| = 1 2 |m − n|. This slow power-law decay reveals strong correlations within electron-hole system on a ring. Finally, using the large x asymptotics of Γ(x), we obtain the expression for the oscillator strengths valid for N, |M| ≫ 1,
where µ = µ 1 + µ 2 , andμ = 1 2 µ + 1 2 (µ 1 − µ 2 )sgnM. The general expression (8) determines the heights of the emission peaks, while the order of the peaks with different {m, n} is governed by the δ-functions in Eq. (2), which ensure the energy conservation. Therefore, this order depends crucially on the relation between∆ 1 and∆ 2 . Moreover, a commensurability between∆ 1 and∆ 2 leads to accidental degeneracies in the positions of the emission lines. However, in order to establish the general properties of the spectrum, it is instructive to consider first two particular cases of commensurate∆ 1 and∆ 2 .
We start with the symmetric case∆ i =∆/2 (and, hence, µ i = µ/2). The peak positions, as determined by Eq. (2), coincide with those for single-particle transitions, |ω| = N∆. The corresponding oscillator strengths can be straightforwardly evaluated from Eq. (8) as
Note that single-particle oscillator strengths correspond to c N = 1. We thus conclude that interactions affect strongly the peak heights for |ω/∆| 2µ ≫ 1, i.e., in the high frequency domain. In fact, even for an arbitrary relation between∆ 1 and∆ 2 , the crossover between "single-particle" and "many-body" domains of the spectrum is governed by the dimensionless parameter µ ln|ω/(∆ 1 +∆ 2 )|. Indeed, consider now the case∆ 1 = 3∆ 2 (and thus µ 2 ≃ 9µ 1 ) which renders a spectrum richer than (1) and (13) . As follows from Eq. (2), the spectral positions of the peaks are given by |ω|/(∆ 1 +∆ 2 ) = l/2, where l is an integer. The corresponding oscillator strengths can be evaluated explicitly from Eq. (8) upon performing the summation similar to Eq. (13) . The final result reads
with µ = µ 1 + µ 2 ≃ 10µ 1 and∆ =∆ 1 +∆ 2 = 4∆ 1 . The above result illustrates how the structure of the spectrum evolves as the frequency departs from the Fermi edge. For µ ln| ω ∆ | ≪ 1, each single-particle peak, |ω| = l∆ acquires a weak many-body satellite at |ω| = (l + 1 2 )∆. In the opposite limit, µ ln| ω ∆ | ≫ 1, the oscillator strength of an "integer" peak gets equally redistributed between the components of the doublet. The crossover frequency, Ω, separating the "single-particle" and the developed many-body domains of the spectrum is determined by the condition ln| Ω ∆ | ∼ µ −1 . The spectrum (14) is schematically depicted in Fig. 1 .
Let us turn to the structure of the spectrum in the general case of incommensuratẽ ∆ 1 and∆ 2 . We start from the observation that the peak positions can be classified by "generations". Namely, once a peak {m, 0} (or {0, n}) emerges at ω = ω m = −m∆ 1 (or ω = ω n = −n∆ 2 ), it is followed by next generations of peaks ω (k) m = ω m − k(∆ 1 +∆ 2 ) or ω (k) n = ω n − k(∆ 1 +∆ 2 ) repeating with a period∆ =∆ 1 +∆ 2 . Thus, for a crude description of the spectrum away from the Fermi edge it is convenient to divide the frequency region ω < 0 into the intervals of width∆.
The number of peaks within the spectral interval {−|ω|, −|ω| −∆} is the number of integers satisfying the conditions |ω| < m∆ 1 + n∆ 2 < |ω| +∆. This number is equal to
where we assumed |ω| ≫∆ and took into account the parity restriction. From Eq. (15) we find the peak density g ω = N ω /∆ = |ω|/2∆ 1∆2 . It also follows from (15) that N ω−∆ − N ω = ∆ 2 /2∆ 1∆2 generations start within each interval. Since the heights of consecutive peaks within the interval∆ vary non-monotonically, it is natural to characterize these heights by the distribution function
where C mn is given by Eq. (12) . Here we made use of the fact that N ω ≫ 1 by treating m and n as continuous variables. The prefactor in Eq. (16) ensures the normalization ( ∞ 0 dCF (C) = 1). It is easy to see that F (C) is nonzero in the interval between C min = min{2µ 1,2 |∆ 1,2 ω | 1−2µ } and C max = 2| ω ∆ | µ max{µ 1,2 }. Within this wide interval, F (C) falls off as (C 0 /C) 2+µ , where
is the typical value of the oscillator strength. On the other hand, the average oscillator strength, which can be easily calculated from Eq. (16) , is equal to C = µ −1 C 0 ≫ C 0 . The distribution function F (C) is schematically depicted in Fig. 2 . The fact that C decreases with |ω| can be understood in the following way. As it is seen from Eq. (13), in the symmetric case, with only a single peak per interval∆, the peak heights increase with |ω| as | ω ∆ | 2µ . In the general case, this spectral intensity gets redistributed between N ω different peaks. Thus,
In conclusion, we derived the emission spectrum from a highly excited ring-shaped quantum dot. In this system electron-electron, hole-hole and electron-hole interactions relax the momentum conservation leading to a multitude of discrete emission lines. Luttinger liquid model employed in our calculation allows to evaluate the overlap integrals between the correlated initial and final many-body states. These overlap integrals determine the intensity of the corresponding spectral lines. Note finally, that for emission from a finite electron-hole 1D system considered here, the physics underlying the interaction-induced multiplication of the number of lines with departure from the Fermi level is analogous to that for tunneling into a disordered quantum dot [17] . In low-frequency domain, the single-particle peaks acquire weak many-body satellites; in high-frequency domain, the heights of the single-particle (|ω|/∆ = l) and many-body (|ω|/∆ = l + 1/2) peaks are close to each other. Inset: Single-particle spectra of electrons and hole in conduction and valence bands, respectively; ω th is the energy distance between the corresponding Fermi levels. 
